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ABSTRACT
Context. In sunspots, the geometric height of continuum optical depth unity is depressed compared to the quiet Sun. This so-called
Wilson depression is caused by the Lorentz force of the strong magnetic field inside the spots. However, it is not understood in detail
yet, how the Wilson depression is related to the strength and geometry of the magnetic field or to other properties of the sunspot.
Aims. We aim to study the dependence of the Wilson depression on the properties of the magnetic field of the sunspots and how
exactly the magnetic field contributes to balancing the Wilson depression with respect to the gas pressure of the surroundings of the
spots.
Methods. Our study is based on 24 spectropolarimetric scans of 12 individual sunspots performed with Hinode. We derived the
Wilson depression for each spot using both, a recently developed method that is based on minimizing the divergence of the magnetic
field, and an approach developed earlier that enforces an equilibrium between the gas pressure and the magnetic pressure inside the
spot and the gas pressure in the quiet Sun, thus neglecting the influence of the curvature force. We then performed a statistical analysis
by comparing the Wilson depression resulting from the two techniques with each other and by relating them to various parameters of
the sunspots, such as their size or the strength of the magnetic field.
Results. We find that the Wilson depression becomes larger for spots with a stronger magnetic field, but not as much as one would
expect from the increased magnetic pressure. This suggests that the curvature integral provides an important contribution to the
Wilson depression, particularly for spots with a weak magnetic field. Our results indicate that the geometry of the magnetic field in
the penumbra is different between spots with different strengths of the average umbral magnetic field.
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1. Introduction
The Wilson depression zW (Wilson & Maskelyne 1774) is the
difference in height of unity optical depth between a sunspot and
the quiet Sun. This depression is caused by the strong magnetic
field of the spot. The magnetic pressure reduces the gas pres-
sure within the spot. In addition, the magnetic field quenches the
convection, leading to a less effective heat transport, and thus,
to a lower temperature and to a lower opacity within the spot.
Therefore, the Wilson depression should strongly depend on the
strength and the geometry of the magnetic field.
The properties of the magnetic field of a sunspot depend to
a large extend on its size. Larger spots exhibit a stronger mag-
netic field and a lower temperature in the umbra (e. g. Kopp &
Rabin 1992; Livingston 2002; Rezaei et al. 2012; Schad 2014;
Watson et al. 2014; Kiess et al. 2014; Rezaei et al. 2015). This
suggests, all else being equal, that the Wilson depression should
be larger for spots with a lower brightness in the umbra or a
larger area. Prokakis (1974) estimated the Wilson depression ge-
ometrically when the sunspot approaches the limb (the so-called
Wilson effect) and indeed, measured a shallower average Wilson
depression for small spots (zW = 1000 km) than for large spots
(zW = 2100km). Unfortunately, this method suffers from radia-
tive transfer effects and it also assumes that the spot is roughly
unchanged during its passage from disk center to limb. This leads
to a large range of values of the Wilson depression inferred us-
ing this method between different studies (from 400 km to more
than 2000 km, see Solanki 2003). Hence, the Wilson effect can
only poorly constrain the Wilson depression. Alternatively, the
Wilson depression can be estimated by evaluating the horizontal
force balance between the sunspot and the surrounding quiet Sun
(Martínez Pillet & Vázquez 1993; Solanki et al. 1993; Mathew
et al. 2004). However, this method requires assuming by how
much the curvature force contributes to the force balance. This
contribution might be different for different spots and so, this
method cannot be used to study the dependence of zW on spot
parameters. Recently, Asensio Ramos & Díaz Baso (2019) de-
rived a Wilson depression of up to 600 km for one sunspot by
using a spectropolarimetric inversion that is based on neural net-
works.
Here, we derive the Wilson depression using a recently de-
veloped method that is based on minimizing the divergence of
the magnetic field vector (Löptien et al. 2018). This method
is qualitatively based on an approach originally suggested by
Puschmann et al. (2010). We infer the Wilson depression from
24 observations of 12 individual spots made with the Hinode
spacecraft. We also infer the geometry of the magnetic field and
the properties of the horizontal force balance within the individ-
ual spots. We then perform a statistical analysis in order to study
the connection between the Wilson depression and the properties
of the magnetic field of sunspots.
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2. Data
2.1. Hinode observations
Our analysis is based on a sample of 24 observations of 12 differ-
ent sunspots (see Table 1), which were observed between 2006
and 2012 with the spectropolarimeter on the Solar Optical Tele-
scope (SOT/SP, Kosugi et al. 2007; Tsuneta et al. 2008; Ichimoto
et al. 2008; Lites et al. 2013) onboard the Hinode spacecraft.
This instrument performs spectropolarimetric observations us-
ing the Fe I line pair at 6301.5 Å and 6302.5 Å. The sunspots
were observed in normal mode, with a spatial sampling of 0.16′′
per pixel.
We selected spots that exhibit only little influence of molecu-
lar lines in their umbrae since these strongly affect the inversion.
These lines appear predominantly in large spots since these have
lower temperatures in the umbra. Hence, our study is mostly
based on smaller spots, as can be seen in Figures A.1 to A.4 and
Table 1. The first two columns in the table indicate the NOAA
active region number and the date when the spot was observed.
The next three columns list some general parameters of the spots:
their heliocentric angle θ, the area of the spot, and the mean
magnetic field in the umbra at log τ = −0.9 (Bav). The last two
columns show the derived Wilson depressions, both for the di-
vergence method (zW,div) and the pressure method after degrad-
ing it to the spatial resolution of the divergence method (zW,press).
2.2. Deriving the atmospheric conditions
We derived the atmospheric parameters for all spots by inverting
the maps of the Stokes parameters with the spatially coupled ver-
sion of the SPINOR code (Frutiger et al. 2000; van Noort 2012;
van Noort et al. 2013) under the assumption of local thermody-
namic equilibrium (LTE). We set three nodes in optical depth,
placed at log τ = −2.5,−0.9, 0, (cf. Tiwari et al. 2013). Using a
spline interpolation, we then remapped the results of the inver-
sion on an equidistant grid in log τ ranging from −6 to +1.5 with
a sampling of 0.1.
Next we resolved the 180◦ azimuthal ambiguity as described
in Löptien et al. (2018) by using the Non-Potential Magnetic
Field Computation method (NPFC, Georgoulis 2005).
We defined both, the inner and the outer boundary of the
penumbra, by using a threshold for the continuum intensity. For
the outer boundary of the penumbra, we use a threshold of 90%
of the continuum intensity level of the quiet Sun, after smooth-
ing the continuum images with a 2D Gaussian with a standard
deviation of 7 pixels. For the inner penumbral boundary, we use
a threshold of 50% of the continuum intensity level of the quiet
Sun, without any smoothing. In case of a few spots, this fixed
threshold falsely assigns the innermost parts of some penumbral
filaments to be part the umbra. However, this is a small effect
and does not influence the conclusions of this study.
3. Measuring the Wilson depression
3.1. Divergence method
This method for deriving the Wilson depression is based on min-
imizing the divergence of the magnetic field vector. The ap-
proach is similar to the one of Puschmann et al. (2010), who
determined the geometric height of the log τ = 0 surface of a
small patch of the penumbra of a sunspot observed with Hinode
by minimizing the divergence of the magnetic field and by en-
suring force balance. We modified the approach of Puschmann
et al. (2010) by restricting the requirement on the field to be
divergence-free. We then applied it to provide the Wilson de-
pression of the entire spot, but with reduced spatial resolution.
The details of our method are described in Löptien et al. (2018).
Our approach is based on minimizing the divergence of the
magnetic field vector over the field-of-view, i. e., minimizing the
following merit function:
χ2 =
∑
m,n
(∇ · B)2. (1)
Here, the indices m and n indicate the coordinates of the im-
age. The merit function is evaluated at a given height above the
log τ = 0 surface and is minimized by shifting the magnetic field
vector in height at each pixel, i. e., by adding an offset (the Wil-
son depression) to the height dependence of the magnetic field
vector. Unfortunately, this approach cannot be applied to the en-
tire spot at the original resolution of the data because the number
of free parameters would be too high. The basic idea of our ap-
proach is now to write the merit function in Fourier space and
to focus only on large spatial scales (both for the Wilson depres-
sion and for the magnetic field vector). This allows reducing the
number of free parameters significantly. It leads to the following
merit function:
χ2 =
∑
m,n
(∇ · B)2 (2)
=
1
NxNy
∑
k,l
|F (∇ · B)|2 (3)
≈ 1
NxNy
kmax∑
k
lmax∑
l
|F (∇ · B)|2 (4)
=
1
NxNy
kmax∑
k
lmax∑
l
∣∣∣∣∣∣ikxBˆx + ikyBˆy + F
(
∂Bz
∂z
)∣∣∣∣∣∣2 (5)
Here, F indicates the Fourier transform in the two horizontal
dimensions (quantities expressed in Fourier space are indicated
by a hat) , Nx and Ny are the number of pixels in the x- and in
the y-direction, and k and l indicate bins in horizontal wavenum-
ber. After expressing the merit function in Fourier space, we ne-
glected all terms above a maximum non-dimensional wavenum-
ber kmax and lmax. This truncation is justified since all terms in
the merit function are positive, meaning that all terms have to be
minimized separately. In addition, we express the Wilson depres-
sion in Fourier space, where we again consider only the terms up
to this maximum wavenumber. These Fourier coefficients of the
Wilson depression (up to kmax and lmax) are the free parameters
of the merit function, which we want to determine. Here we re-
strict the solution to kmax = lmax = 3, since the derived Wilson
depressions are more likely to exhibit artifacts when considering
higher wavenumbers (see Löptien et al. 2018).
We minimized the merit function using a genetic algorithm,
which is very likely to return the global extremum of a given
function. Afterwards, we defined zW = 0 as the height of the
log τ = 0 surface averaged over the surroundings of the spot.
Since the log τ = 0 surface is also slightly suppressed in the
close surroundings of the spot, we do not include these in the
definition of zW = 0. For the same reason, we exclude clearly
magnetic structures such as pores etc.
When being applied to Hinode data, the Wilson depressions
derived using this method exhibit an error of about 100 km (Löp-
tien et al. 2018). This error originates mainly from uncertainties
in the inversion.
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Table 1. Overview of the investigated spots and the derived Wilson depressions.
NOAA Date θ [deg] Spot area [Mm2] Bav [G] zW,div [km] zW,press [km]
10923 2006.11.14 8 2572 2827 673 555
10933 2007.01.04 16 874 2252 685 327
10933 2007.01.06 9 933 2377 657 393
10933 2007.01.07 24 871 2473 662 438
10944 2007.02.28 2 397 2361 612 369
10944 2007.03.01 11 379 2384 640 378
10944 2007.03.02 16 377 2353 633 384
10953 2007.04.28 43 1447 2269 601 356
10953 2007.04.30 13 1539 2379 610 443
10953 2007.05.02 12 1330 2340 589 417
10953 2007.05.03 24 1228 2276 598 358
10953 2007.05.04 37 1210 2169 584 293
10960 2007.06.10 34 265 2252 648 348
10969 2007.08.27 12 363 2166 660 310
10969 2007.08.28 16 353 2116 529 287
11039 2009.12.27 44 202 2350 626 320
11039 2009.12.28 34 177 2058 567 273
11039 2010.01.01 29 284 2471 659 366
11041 2010.01.26 20 170 2068 638 305
11106 2010.09.16 27 195 2349 636 381
11117 2010.10.27 25 522 2093 561 291
11117 2010.10.28 35 223 2090 625 313
11363 2011.12.06 25 1268 2287 524 326
11536 2012.07.31 34 124 2181 577 346
3.2. Pressure method
For comparison, we also derived the Wilson depression with an-
other method that is based on requiring horizontal force balance
between the sunspot and the surrounding quiet Sun at a given ge-
ometrical height (e.g., Martínez Pillet & Vázquez 1993; Solanki
et al. 1993; Mathew et al. 2004). This method relates the pres-
sure inside the sunspot (the gas pressure plus the Lorentz force of
the strong magnetic field) with gas pressure in the quiet Sun out-
side the sunspot. Both should be in static equilibrium at a fixed
geometric height. After making a few assumptions, such as ra-
dial symmetry of the magnetic field vector, no magnetic field in
the azimuthal direction and a negligible effect of flows (Maltby
1977), this equilibrium can be expressed as
Pgas(r = a, z) − Pgas(r, z) = B2z(r, z)/8pi + Fc(r, z)/8pi. (6)
Here, r = 0 refers to the center of the umbra and r = a to a point
in the quiet Sun. The second term on the right-hand side, Fc is
the curvature integral:
Fc = 2
∫ a
r
Bz(r′, z)
∂Br(r′, z)
∂z
dr′. (7)
Equation 6 can be used to infer the Wilson depression of a
sunspot by comparing the total force (gas pressure plus mag-
netic pressure and curvature force) inside the sunspot with the
pressure stratification of a reference model atmosphere of the
quiet Sun (which extends downwards at least to the depth of the
Wilson depression).
The derived Wilson depression depends on the curvature in-
tegral, which cannot directly be inferred from the observations
(as it has to be determined at a fixed geometrical height). Com-
monly, one assumes Fc = 0 (see e.g., Mathew et al. 2004). We
applied this method by extracting the magnetic field and the pres-
sure at log τ = 0 and by using a horizontal average of a quiet-sun
region from a 3D MHD simulation of Rempel (2015) as a refer-
ence atmosphere.
As shown in Löptien et al. (2018), the pressure method un-
derestimates the Wilson depression by 110-180 km when as-
suming Fc = 0, at least for the sunspot considered there. The
main reason to apply both methods to the chosen sunspots is that
by comparing the Wilson depression estimated independently by
the two methods the curvature integral Fc can be derived.
4. The derived Wilson depression
4.1. Maps of the Wilson depression
We derive the Wilson depression of all the spots in our sample
using both, the divergence method (while setting kmax = lmax =
3) and, for comparison, also for the pressure method (both, at full
resolution and after degrading to the resolution of the divergence
method). Figure 1 shows maps of the continuum intensity and of
the resulting Wilson depressions for two sunspots, (AR 11536
observed on 31 July 2012 and AR 10953 observed on 2 May
2007). These were chosen to represent examples of small and
large sunspots. The maps for all sunspots that were analyzed in
this study are plotted in Figures A.1 to A.4 in Appendix A.
There are strong differences between the Wilson depressions
derived from the two methods. The divergence method gives a
Wilson depression that increases smoothly from the surround-
ings of the spot to the center of the umbra. The region of max-
imum Wilson depression coincides with the shape of the um-
bra for both sunspots. In the penumbra, however, the Wilson de-
pression in some cases exhibits features that are not visible in
the intensity images (see e. g., AR 10969 in Figure A.3). This
could be caused by neglecting the variations of the Wilson de-
pression on small spatial scales. According to Puschmann et al.
(2010), the geometric height of the log τ = 0 layer can vary by
more than 300 km between spines and penumbral filaments. In
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Fig. 1. Two of the sunspots analyzed in this study, top row: AR 11536 observed on 31 July 2012, bottom row: AR 10953 observed on 2 May 2007.
We show maps of the continuum intensity and of the derived geometric height of the log τ = 0 layer across the spots (i. e., the Wilson depression,
zW). From left to right: continuum intensity, zW derived from the divergence method, zW derived from the pressure method, and zW derived from the
pressure method degraded to the spatial resolution of the divergence method. The white and black contours indicate the inner and outer penumbral
boundary, respectively, as described in the main text.
addition, the inversion might also be inaccurate in the penum-
bra. The SPINOR code assumes hydrostatic equilibrium, which
is not always a very accurate approximation, particularly in the
penumbra. This causes errors in the stratification of the inverted
atmosphere with geometric height. Localized inaccuracies of the
inversion can cause large-scale errors in the Wilson depression
derived using the divergence method. This is because the spa-
tial resolution of our method is very low and because the Fourier
transform is non-local (a perturbation of the signal at a given
point also affects distant points after filtering in Fourier space).
We note that the divergence method gives a slight Wilson de-
pression in the close surroundings of the spot. This is proba-
bly caused by the very low spatial resolution of the divergence
method.
The Wilson depression derived using the pressure method
always follows closely the shape of the spot without any ques-
tionable features. This is because the pressure method treats all
pixels independently. Generally, this method leads to a shallower
Wilson depression than the divergence method, both, in the um-
bra and even more in the penumbra. It exhibits a strong decrease
of the Wilson depression at the inner penumbral boundary, even
after degrading the spatial resolution to that of the divergence
method (see right column in Figure 1 and Figures A.1 to A.4).
As explained in Löptien et al. (2018), the pressure method un-
derestimates the Wilson depression because it only relies on the
magnetic pressure resulting from the vertical magnetic field. The
contributions of the (unknown) curvature integral to the Wilson
depression are generally ignored by setting Fc = 0. The differ-
ences are particularly strong in the penumbra because there the
magnetic field is strongly inclined with respect to the vertical.
Both, the divergence and the pressure method are affected by
the presence of scattered light in the Hinode data. As explained
in Appendix B, the influence of the scattered light on the di-
vergence method is smaller than the noise level of this method
(about 100 km). However, the scattered light causes the zW pro-
vided by the pressure method to be too low.
4.2. Statistical analysis of the Wilson depression
In the next step, we evaluate systematic differences in the derived
Wilson depression between the individual spots. We quantify the
Wilson depression by using the maximum Wilson depression of
each spot. These are listed in Table 1 and lie in the range be-
tween 500 km and 700 km (mean: 616 km, σ = 44 km) for
the divergence method and between 270 km and 550 km (mean:
357 km, σ = 63 km) for the pressure method (after degrading it
to the spatial resolution of the divergence method). The scatter
of zW between individual spots is consistent with the error origi-
nating from the inversion (about 100 km). The pressure method
(applied with Fc assumed to be zero) always leads to a shallower
Wilson depression than the divergence method (after degrading
it to the spatial resolution of the divergence method, see Figure 2
and Table 1), suggesting that the curvature integral Fc is gener-
ally positive.
The inferred Wilson depressions depend significantly on
some properties of the sunspots (see Figure 2). The strength of
the magnetic field in the umbra has the strongest influence on
zW (see top left panel in Figure 2, here Bav is defined as the av-
erage strength of the magnetic field in the umbra evaluated at
log τ = −0.9). The stronger the field, the larger the Wilson de-
pression. This is in particular the case for the pressure method,
because the magnetic pressure in the umbra directly affects the
static equilibrium expressed in Eq. 6. Unfortunately, there is
only one spot with a rather strong magnetic field in our sample
(AR 10923, most sunspots with strong fields exhibit molecular
lines in the umbra so that inversions become unreliable). There-
fore, we cannot constrain the Wilson depression well for spots
with strong magnetic fields. However, zW derived from the diver-
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Fig. 2. Dependence of the maximum value of the Wilson depression zW on various parameters of the studied sunspots. The blue circles represent
the Wilson depression derived using the divergence method while the red squares depict the results from the pressure method. The solid lines
indicate linear fits to the Wilson depressions. Also shown are the correlation coefficients between the Wilson depression the respective parameters
of the sunspot as well as their 1σ confidence intervals. The correlation coefficients associated with the zW derived with a given method are indicated
by the corresponding color. We note that the Wilson depression inferred from the divergence method has an error of about 100 km resulting from
uncertainties of the inversion. The various parameters of the sunspots are explained in more detail in the text.
gence method is still correlated with Bav, when not considering
this sunspot (correlation coefficient ρ = 0.43).
The Wilson depression also varies with the surface tempera-
ture in the umbra. Cooler spots exhibit larger values of zW (see
top right panel in Figure 2, Tav is the average temperature in the
umbra at log τ = 0). This is in part because the continuum opac-
ity is lower at lower temperatures, but predominantly because
the temperature in the umbra is determined by the strength of the
magnetic field in the umbra, as the heat transport by convection
is more inhibited by stronger fields (the correlation coefficient
between Bav and Tav is −0.95 in our sample).
Interestingly, there is no significant dependence of zW on the
area of the spot for the divergence method (see bottom left panel
in Figure 2), although spots with a strong magnetic field in the
umbra have on average a larger area (the correlation coefficient
between Bav and the area of the spot is 0.59 in our sample). Only
the pressure method clearly shows an increase of the Wilson de-
pression with increasing spot area. We note, that there are not
many large spots in our sample, though, since these are likely to
exhibit molecular lines in the umbra (see Section 2.1).
There is also a correlation between the Wilson depression
and the heliocentric angle θ for both methods (see bottom right
panel in Figure 2), which points to to a systematic error. This
dependence is weaker for zW obtained using the divergence
method.
To summarize, the inferred Wilson depressions depend
mostly on the strength of the magnetic field in the umbra.
5. Connection between the Wilson depression and
the magnetic field
According to Eq. 6, the difference in gas pressure between the
quiet Sun and the umbra is balanced by the magnetic pressure
and by the magnetic curvature force. Here, we study the magni-
tudes of the different terms in this equation at the height of the
log τ = 0 layer in the umbra. We note, however, that Eq. 6 is
only an approximation. Among other things, this equation does
not account for advection or a twisted magnetic field. Here we
ignore the contributions of these two effects.
The gas and magnetic pressure in the umbra can be directly
derived from the observations when assuming hydrostatic equi-
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Fig. 3. Magnitude of the different terms contributing to the force balance given in equation 6 as a function of the mean magnetic field in the umbra
at log τ = −0.9 (left) and of the area of the spot (right). Blue squares: gas pressure (Pg), red circles: magnetic pressure (B2z/8pi), green diamonds:
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umbra (left panel) or the sizes of the spots (right panel).
librium. The magnitude of the curvature force at log τ = 0 in
the umbra can only be estimated in an indirect way, though.
Since the curvature integral has to be evaluated at a fixed geo-
metric height, it requires information below the log τ = 0 layer
in the penumbra, if we stay within the photosphere in the umbra.
For the same reason, we cannot directly determine the gas pres-
sure outside the sunspot from observations. We therefore infer
these two quantities in an indirect way using a reference atmo-
spheric model. The Wilson depression inferred by the divergence
method provides the geometric height we are interested in (the
height of the log τ = 0 layer in the umbra). Then, we can derive
the gas pressure in the quiet Sun at the same geometric height by
using a reference atmosphere (a horizontal average of a quiet-sun
region from a 3D MHD simulation of Rempel 2015). Finally, Fc
can be estimated using Eq. 6. The gas pressure in the quiet Sun
that we infer indirectly from the divergence method exhibits a
high scatter, significantly larger than the one of the gas pressure
or the magnetic pressure in the umbra. This is because the pres-
sure decreases almost exponentially with height. Thus, a small
uncertainty in zW leads to a large error in the gas pressure.
The differences in the inferred Wilson depressions between
the two methods are not the same for all spots. As can be seen
in Figure 2, the Wilson depressions derived from the two meth-
ods differ predominantly for spots with weak umbral fields, high
umbral temperatures or small umbral areas. This is also visible
in the different terms contributing to Eq. 6. Figure 3 shows the
contributions of the individual terms for spots of different sizes
and for different strengths of the magnetic field. All quantities
are averages over the umbra at log τ = 0. Also, we degraded the
zW provided by the pressure method to the spatial resolution of
the divergence method.
The gas pressure in the quiet Sun increases strongly with
depth. Hence, sunspots with a larger Wilson depression need
to exhibit a higher total force (gas pressure plus magnetic pres-
sure and curvature force) in the umbra in order to ensure force
balance with the surroundings of the spot. Since zW increases
with the strength of the magnetic field in the umbra, spots with
a stronger magnetic field require a higher total force in the um-
bra at log τ = 0 than spots with weak magnetic fields. Obviously,
the magnetic pressure is larger for spots with stronger fields. The
gas pressure also increases with Bav (see left panel of Figure 3).
This is because the temperature in the umbra is lower for spots
with strong magnetic fields. A low temperature leads to a lower
opacity, which means that the formation height of the continuum
is shifted towards lower layers that exhibit a higher gas pres-
sure. For spots with a low Bav, the gas and the magnetic pres-
sure have a comparable magnitude, for spots with strong mag-
netic fields, the magnetic pressure exceeds the gas pressure by
a factor of about 1.3. The magnitude of the curvature integral
does not change with the strength of the magnetic field. At low
field strength, Fc is larger than the other contributions to the total
force and at high field strengths, the magnitudes are comparable.
As discussed in the previous section, the Wilson depression
does not seem to vary with spot size. Since the total force in the
umbra should be in equilibrium with the gas pressure in the sur-
roundings of the spot at a fixed geometric height, a certain value
of the Wilson depression corresponds to a corresponding value
of the total force. Therefore, zW not depending on spot size im-
plies that the total force at log τ = 0 does not change with the
size of the spots, either, as observed in the right panel of Fig-
ure 3. However, there are strong variations of the different pres-
sure terms with spot size. The gas and magnetic pressure have
a comparable magnitude (the magnetic pressure is higher than
the gas pressure by a factor of about 1.1) and increase with in-
creasing spot size. Larger spots tend to exhibit stronger magnetic
fields, which cause the increase of the magnetic pressure. The
higher gas pressure of large spots originates from a lower opac-
ity, because the temperature in the umbra decreases with spot
size. The stronger magnetic field and the lower temperature of
large spots would therefore lead to a Wilson depression that in-
creases with spot size. Hence, our observation of zW not depend-
ing on spot size implies that the influence of these two effects is
compensated by the curvature integral, Fc, which does not ap-
pear to depend much on either spot area or umbral field strength
(although it does show larger scatter than the other quantities).
For large spots, Fc contributes to the pressure balance in
Eq. 6 by a similar amount as the other two terms. For smaller
spots, it exceeds the other terms by a factor of about 1.5.
As already mentioned above, our derived Wilson depressions
are affected by the presence of scattered light. However, the scat-
tered light does not alter the main conclusions on the curvature
integral that are described in this section (see Appendix B).
The observed dependence of the relative influence of Fc on
the area of the spot and the strength of its magnetic field suggests
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that there are differences in the geometry of the magnetic field
between these spots. The curvature integral depends on the ver-
tical magnetic field Bz(r, z) and on the vertical derivative
∂Br(r,z)
∂z .
Hence, the radial dependence of these two parameters has to
vary with spot size and the strength of the magnetic field. Un-
fortunately, it is not possible to measure these two quantities di-
rectly. The balance between gas pressure and the Lorentz force
expressed in Eq. 6 is valid at a fixed geometric height. So, the
magnetic field that is responsible for sustaining the Wilson de-
pression is located in the penumbra and is located below the
log τ = 0 surface. Hence, it is not accessible for spectropolari-
metric observations. Only the contributions from the umbra to
the curvature integral can be directly measured.
The relative influence of the individual terms in the pressure
equilibrium in Eq. 6 also depends on the geometric height. Fig-
ure 4 shows the magnitude of the gas and magnetic pressure av-
eraged over the umbra and the strength of the curvature integral
that is required for balancing the external gas pressure in the
quiet Sun (extracted from a quiet Sun region in a simulation by
Rempel 2015) averaged over all spots in our sample. All quan-
tities were interpolated to a common grid in geometrical height
using the Wilson depression inferred by the divergence method.
At large depths, the curvature integral is the dominant term, but
its influence decreases strongly with height, even becoming neg-
ative at around z = 0, meaning that it destabilizes the sunspot. At
these large heights, the magnetic pressure contributes the most
towards balancing the pressure deficit due to the magnetic field.
It almost exactly compensates the curvature integral, suggesting
that the magnetic field in the umbra becomes force-free at large
heights. We note, however, that the inversion is not very accu-
rate at z = 0 in the umbra as this is a few 100 km higher in the
atmosphere than the log τ = 0 surface and the lines observed by
Hinode/SOT/SP get relatively little contribution from this height.
Unfortunately, it is not possible to derive the curvature in-
tegral directly, even at large heights. This is because it consists
of an integral across the spot. Any systematic inaccuracies in
the inversion or in the derived Wilson depression are directly
summed, causing a large systematic error in Fc. However, we
can derive the sign of Fc for geometric heights z > 0. The sign
is fixed by the sign of the derivative ∂|Br(r
′,z)|
∂z . The horizontal field
in the penumbra decreases with height above log τ = 0, sug-
gesting that the curvature integral is indeed negative for z > 0.
With the same argument, we also infer that ∂|Br(r
′,z)|
∂z > 0 below
log τ = 0 in the penumbra. This change of sign of the derivative
∂|Br(r′,z)|
∂z at around log τ = 0 in the penumbra is also observed in
numerical simulations, with the increase of Br with height below
log τ = 0 being an important ingredient for driving the Evershed
flow (Rempel 2011; Siu-Tapia et al. 2018).
6. Discussion
We derived the Wilson depression for a sample of 24 spectropo-
larimetric maps of 12 spots. Using the divergence method, we
could constrain the Wilson depression to be in the range between
500– 700 km for all spots at all the times they were observed.
This is close to the lower end of values provided by the Wilson
effect (400 to more than 2000 km, see the discussion in Solanki
2003). Our results are in agreement with some measurements
made using the Wilson effect, such as the ones made by Gokhale
& Zwaan (1972) (zW ∼ 600 km) or by Balthasar & Woehl (1983)
(zW = 500 − 1000 km). Some studies based on the Wilson ef-
fect derived significantly higher values of the Wilson depression,
though. Prokakis (1974) measured zW to be 1000−2100 km with
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Fig. 4. Height dependence of the gas pressure and the magnetic pressure
given in equation 6 in the umbra. Black curve: reference gas pressure
(Pref) in the quiet Sun, extracted from a MHD simulation, blue: gas
pressure averaged over the umbra, red: magnetic pressure averaged over
the umbra (B2z/8pi), and green: inferred curvature integral (Fc/8pi). The
error bars are increased by a factor of 10 in the plot for better visibility.
large spots having a higher Wilson depression than small spots.
These large values of zW are not consistent with the results of
the divergence method. Hence, this method allows placing tight
constraints on the Wilson depression.
The Wilson depression seems to be mostly affected by the
strength of the magnetic field, the stronger the field, the larger the
Wilson depression. This is not surprising, as the Lorentz force
is stronger for larger field strengths. However, decomposing the
Lorentz force into a magnetic pressure term and a curvature inte-
gral (see Eq. 6) reveals that the relative magnitude of these terms
changes with the size of the spot and the strength of its magnetic
field in the umbra.
This suggests that there are differences in the geometry of
the magnetic field between spots of different sizes and field
strengths. The curvature integral is dominated by the subsurface
magnetic field in the penumbra, which is not directly accessible
to observations. Hence, this issue cannot be resolved directly.
Observations of the magnetic field at the surface of the penum-
bra, however, do suggest that there are indeed differences in the
geometry of the magnetic field between small and large spots. As
reported by Jurcˇák et al. (2018), the magnetic field at the inner
boundary of the penumbra of large spots is more inclined with
respect to the vertical than in small spots. It is unclear, though,
if such differences also exist below the visible surface and if
they have an influence on the Wilson depression. Answering this
question requires detailed numerical simulations of sunspots of
different sizes and different strengths of the magnetic field.
A knowledge of the Wilson depression is also important for
measuring the total magnetic flux of the sunspot. Typically, it is
measured at a fixed optical depth. This means that the magnetic
field is extracted at a lower geometric height in the umbra than
in the penumbra. Using our derived Wilson depressions (with the
divergence method), we can estimate the influence of this effect.
We compute the total magnetic flux for all spots in our sample
using both, a constant optical depth (log τ = 0) and a constant
geometric height (z = 0). The difference between the two ap-
proaches depends on the strength of the magnetic field of the
spot. When taking the average over all spots in our sample, the
differences are negligible. Evaluating the magnetic field at z = 0
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results in an average magnetic flux of (5.7±0.9)×1021 Mx com-
pared to (5.4 ± 1.0) × 1021 Mx at log τ = 0. However, the ratio
between the flux at z = 0 and the one at log τ = 0 varies signifi-
cantly between different spots, ranging from 0.79 for AR 10923
to 1.43 for AR 10953 observed on 28 April 2007. The reason
for these large differences is related to the differences in the
geometry of the magnetic field between different spots. While
the strength of the vertical magnetic field decreases with height
in the umbra, it increases with height in the penumbra around
log τ = 0 (Joshi et al. 2017). Exploring the details extends be-
yond the scope of this paper, though.
Similarly, the Wilson depression has to be taken into ac-
count when extrapolating the photospheric magnetic field to
higher layers in the atmosphere. Ignoring the corrugation of
the log τ = 0 layer affects the extrapolation since the magnetic
field strength inside sunspots changes significantly with height.
The commonly made assumption of a force-free magnetic field
seems to be justified inside the umbra of sunspots, though, for
geometric heights above z = 0.
We note, however, that there are also some constraints to the
divergence method. Most of the issues addressed below were al-
ready discussed in Löptien et al. (2018), but are recapitulated
here for the convenience of the reader. Tests performed with syn-
thetic data performed in the above study suggest that the diver-
gence method is reliable in the umbra, but suffers from inaccu-
racies and artifacts in the penumbra.
The main limitation of the divergence method are inaccura-
cies in the inverted atmospheres. The method requires informa-
tion about the magnetic field over a broad range in height. Un-
fortunately, the spectral lines observed by Hinode are not ideal
for this method. The Fe I line pair is not very sensitive to the
magnetic field at higher atmospheric layers and it is difficult to
invert in the umbrae of sunspots with strong magnetic fields due
to the presence of a myriad of molecular lines. Hence, the di-
vergence method would benefit from the observation of multiple
spectral lines, as it is planned, e. g., with the upcoming Sunrise
III mission (see Solanki et al. 2010, 2017; Barthol et al. 2011;
Berkefeld et al. 2011; Gandorfer et al. 2011; Martínez Pillet et al.
2011, for more details on Sunrise I and II). Such observations
can, of course, also be performed on the ground, e.g, by combin-
ing the Mg Ib lines or the Na ID lines with purely photospheric
lines. However, the divergence method is very sensitive to stray
light. Applying the divergence method to ground-based observa-
tions therefore requires a very careful treatment of scattered light
in the inversion process.
Additional errors in the inverted atmospheres arise due to
limitations of the inversion code itself. Inversion codes (includ-
ing SPINOR) commonly assume the atmosphere to be in hydro-
static equilibrium. This affects, in particular, the stratification of
the derived atmospheric parameters with geometric height. The
divergence method relies on the height dependence of the mag-
netic field vector provided by the inversion. The assumption of
hydrostatic equilibrium neglects, among other things, the influ-
ence of the Lorentz force on the stratification. In sunspots, the
contribution of the Lorentz force to the vertical force balance
depends strongly on position (Tiwari 2012). In the umbra and
the inner parts of the penumbra, the magnetic field is close to
being force-free and hence, deviations from hydrostatic equlib-
rium are small. However, in the middle and outer parts of the
penumbra, the influence of the Lorentz force increases. Most of
the resulting deviations from hydrostatic equliibrium occur on
the scale of the penumbral filaments and spines, which is much
smaller than the spatial scales of the Wilson depression inferred
with the divergence method. Nevertheless, inaccuracies in the in-
version resulting from the assumption of hydrostatic equilibrium
are probably at least partly responsible for the poor performance
of the divergence method in the penumbra, compared to the um-
bra (see Löptien et al. 2018).
We note that the assumption of hydrostatic equlibrium is not
necessarily contradictory to our result that the curvature integral
plays an important role in balancing the Wilson depression. Our
method for measuring Fc only requires the Wilson depression in
the umbra, which can be determined accurately with the diver-
gence method.
The inaccuracies in the inverted atmosphere occur predomi-
nantly on small spatial scales. Therefore, the divergence method,
as we implement it, cannot be used to resolve small-scale corru-
gations of the log τ = 0 surface. As can be seen in Figures A.1
to A.4, there are artifacts present in the maps of the Wilson de-
pression even when using kmax = lmax = 3, especially in the
penumbra. Increasing the number of Fourier modes used by the
divergence method does not resolve more of the fine structure
of the Wilson depression, but only leads to more artifacts in the
penumbra and in the surroundings of the spot. The Wilson de-
pression in the umbra (and hence, Fc) does not change signif-
icantly when increasing kmax and lmax. In addition, most of the
divergence of the magnetic field of a sunspot originates on spa-
tial scales with k = l ≤ 3 (see Löptien et al. 2018). So, the di-
vergence method only has a limited sensitivity to zW on smaller
spatial scales. Thus, we restrict the analysis to kmax = lmax = 3.
There are also small-scale structures in the umbra, such as
umbral dots or light bridges. These features exhibit a zW that dif-
fers significantly from the surroundings, but the spatial resolu-
tion of the divergence method is by far too low for resolving the
signature of these features in the derived maps of zW. However,
these features could, in principle, influence the large-scale Wil-
son depression inferred by the divergence method. Obviously,
this question cannot be addressed with the observational data
used in this study, since we do not know the true Wilson depres-
sion of these spots. Tests performed using synthetic data (see
Löptien et al. 2018) suggest that the Wilson depression in the
umbra is not significantly affected by small-scale structures (the
simulations used for the tests have considerable numbers of um-
bral dots). Also, ignoring the corrugation of the log τ = 0 surface
on small spatial scales does not have a strong influence on the
large-scale magnetic field vector evaluated at a fixed geometri-
cal height.
The above discussion suggests that the way we have imple-
mented the divergence method is just a first step towards infer-
ring the true geometrical height scale from spectropolarimetric
inversions. A more comprehensive approach is to directly derive
the absolute geometrical height scale in the inversion process,
by including the Lorentz force in the force balance and ensuring
∇·B = 0. This will be implemented in the FIRTEZ-dz code, that
is currently being developed (Pastor Yabar et al. 2019; Borrero
et al. 2019). Such an approach might be able to derive inverted
atmospheres on a grid in geometric height that are fully self-
consistent.
Another approach to obtaining more accurate Wilson depres-
sion values is via stereoscopy of sunspots in, e.g., continuum
radiation. This will become possible with the Polarimetric and
Helioseismic Imager (PHI, Solanki et al. 2019) on the Solar Or-
biter mission (Müller et al. 2013) when combined with, e. g.,
the Helioseismic and Magnetic Imager (HMI, Schou et al. 2012)
onboard the Solar Dynamics Observatory (SDO, Pesnell et al.
2012).
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Appendix A: Maps of the continuum intensity and
of the Wilson depression for all sunspots
Maps of the continuum intensity and of the Wilson depression
derived with both, the divergence and the pressure method, are
plotted in Figures A.1 – A.4 for all the scans studied in this
paper.
Appendix B: Influence of scattered light
The SOT/SP instrument suffers from scattered light on large spa-
tial scales (about 1 % on distances of 10′′, see Lites et al. 2013).
This scattered light is not taken into account by our inversions,
the spatially coupled version of SPINOR only considers the in-
fluence of the point spread function. Neglecting the presence of
stray light thus causes an additional error in the inverted atmo-
spheres. Here, we test how this error affects our measurements
of the Wilson depression.
We evaluate the influence of scattered light by adding ad-
ditional stray light to Hinode observations of nine individual
sunspots. For simplicity, we assume the scattered light to be un-
polarized and to originate only from the quiet Sun. This results
in the following expression for the intensity contaminated by the
stray light:
I(x, y, λ)′ = (1 − s)I(x, y, λ) + s 〈IQS(λ)〉 . (B.1)
The factor s is the magnitude of the scattered light and
〈
IQS
〉
is
a mean intensity profile of the surroundings of the spot. We test
two different magnitudes for the additional stray light, s = 0.01
and s = 0.02.
The scattered light increases the intensity within the
sunspots, especially in the umbra, which leads to a higher tem-
perature in the inverted atmosphere at all optical depths in the
umbra. The overestimation of the temperature implies a higher
opacity, meaning that the log τ = 0 layer is shifted towards
greater heights. Hence, the pressure and the density are under-
estimated at around log τ = 0. The higher opacity also causes
lower pressure and density gradients, so that at sufficiently large
heights, the pressure and the density become larger compared
to the inverted atmosphere originating from data without addi-
tional stray light. The differences in the stratification of the at-
mosphere also affect the retrieved magnetic field vector, it de-
creases the strength of the magnetic field in the umbra at around
log τ = 0. This is a consequence of the line weakening associ-
ated with higher temperature. Weaker lines are formed closer to
log τ = 0, so that the measured Zeeman splitting of the lines now
gives the same magnetic field, but at a height closer to log τ = 0.
Adding more scattered light can affect both, the magnitude
of the Wilson depression and the shape of the log τ = 0 surface.
In case of the divergence method, the latter is barely altered (see
Figure B.1). The map of the Wilson depression of AR 10923,
for example, is almost indistinguishable from the case without
additional scattered light (see top row of Figure B.1). Signif-
icant changes of the shape of the maps of the Wilson depres-
sion occur only for two of the spots in our sample (AR 10969
and AR 11039, see Figure B.1). For a part of the penumbra of
AR 10969 (west of the umbra), the divergence method measures
a large Wilson depression that is comparable to the one of the
umbra. This feature in the penumbra is already present in the
data without additional stray light and probably is an artifact.
The scattered light increases the Wilson depression of this re-
gion even more, causing it to exceed the Wilson depression in
the umbra.
The additional stray light has a significant influence on the
magnitude of zW inferred by the divergence method. For some
spots, the maximum Wilson depression changes by more than
100 km due to the scattered light (see top panel of Figure B.3).
There are some indications that the influence of the stray light
depends on the strength of the magnetic field in the umbra. For
spots with strong magnetic fields, the maximum value of the Wil-
son depressions increases due to the scattered light (by up to
∼ 110 km for AR 10944, Bav = 2361 G). However, the sunspot
with the strongest magnetic field (AR 10923) is not much af-
fected by the additional stray light.
The additional scattered light leads to a shallower Wilson
depression for almost all spots with weak magnetic fields in
our sample. There is no clear trend with the magnitude of the
stray light, though. For some of the spots, scattered light with
s = 0.01 affects the measured zW more than s = 0.02. The max-
imum Wilson depression of AR 11039, for example, decreases
by ∼ 200 km for s = 0.01 but s = 0.02 only changes it by
∼ 70 km. The scattered light also seems to enhance the observed
decrease of the derived Wilson depression with distance from
disk center, but again, there is no clear trend with s. This strong
scatter of zW between individual spots and between the differ-
ent values of s could be caused by uncertainties in the inversion.
The standard deviation of the difference in the maximum zW be-
tween the results with and without additional stray light (88 km
for s = 0.01 and 57 km for s = 0.02) is consistent with the influ-
ence of inaccuracies in the inversion (about 100 km, see Löptien
et al. 2018). However, the impact of the scattered light is higher
than the scatter between the maximum zW of the individual spots
(σ = 44 km) and uncertainties in the inversion should also affect
the shape of the derived log τ = 0 layer, which does not seem
to be the case here. Therefore, it is unclear what causes the vari-
ations in the influence of the stray light on zW and whether the
impact of scattered light is connected to Bav or θ.
It is not straightforward to understand how the divergence
method is influenced by scattered light. This method requires
the height dependent magnetic field vector throughout the entire
atmosphere. The stratification of the inverted atmosphere cannot
be predicted easily from the amount of scattered light because it
is also affected by the details of the inversion, such as the num-
ber and position of the nodes in optical depth that were used.
These inaccuracies in the inverted atmosphere influence the di-
vergence method in a complex manner. The Wilson depression
that the divergence method measures at a given pixel depends not
only on the magnetic field at this pixel, but is also affected by all
other pixels within the field-of-view since in our implementation
the divergence method is based in Fourier space. Therefore, the
complex behavior of the inversion and of the divergence method
make it hard to evaluate in detail how the Wilson depressions de-
rived by the divergence method are affected by additional stray
light. The reasons for the potential trend with Bav and for the
stronger influence of s = 0.01 remain unclear.
The pressure method is also affected when adding additional
stray light (see Figure B.2). Since the scattered light causes the
strength of the inverted magnetic field to decrease at log τ = 0,
it also decreases the inferred Wilson depressions (with the ex-
ception of AR 11039, see below). However, the scattered light
does not affect the shape of the maps of zW inferred by the pres-
sure method. This is because the pressure method treats all pix-
els in the spot independently, contrary to the divergence method,
which works in Fourier space in the present implementation.
AR 11039 is the only spot in our sample where the maximum
Wilson depression inferred by the pressure method increases due
to the scattered light (by about 5 km when using s = 0.02). This
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Fig. A.1. Maps of the continuum intensity and of the derived geometric height of the log τ = 0 layer across the spots analyzed in this study (i. e.,
the Wilson depression, zW). From left to right: continuum intensity, zW derived from the divergence method, zW derived from the pressure method,
and zW derived from the pressure method degraded to the spatial resolution of the divergence method. The white and black contours indicate the
inner and outer penumbral boundaries, respectively.
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Fig. A.2. Continuation of Figure A.1.
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is because there are a few pixels at the umbra penumbra bound-
ary of this spot, where the scattered light increases the strength
of the magnetic field at log τ = 0. For all other spots, the Wil-
son depression is decreased by scattered light. The amount by
which the pressure method is influenced by the additional scat-
tered light depends on the magnitude of the scattered light and
on the strength of the magnetic field of the sunspot. The higher
the magnitude of the stray light, the lower is the Wilson depres-
sion that is derived by the pressure method, while the pressure
method is affected more strongly by additional scattered light for
a stronger magnetic field (see bottom panel in Figure B.3). For
the spot with the strongest magnetic field (AR 10923), the ad-
ditional scattered light causes the maximum inferred Wilson de-
pression (after degrading the maps of zW to the spatial resolution
of the divergence method) to decrease from 555 km to 505 km in
case of s = 0.01 and to 470 km in case of s = 0.02. On average,
the additional stray light decreases the Wilson depression mea-
sured with the pressure method by about 18 km for s = 0.01 and
by ∼ 25 km for s = 0.02. Hence, the pressure method is more
robust regarding scattered light than the divergence method.
Adding additional stray light also affects the derived values
for the curvature integral. The main reason for this is the sys-
tematic underestimation of the strength of the magnetic field
at log τ = 0 due to the scattered light. The reduced magnetic
pressure has to be compensated by a stronger curvature integral
in order to keep the Wilson depression of the spot fixed. This
is particularly the case for large spots. For example, the stray
light increases the Fc of AR 10923 from 2.36 × 105 dyne/cm2
to 2.76 × 105 dyne/cm2 (for s = 0.01) or 3.05 × 105 dyne/cm2
(for s = 0.02), an increase by almost 30%. The inferred cur-
vature integrals are very sensitive to inaccuracies of the derived
Wilson depressions, because the gas pressure in the quiet Sun
decreases almost exponentially with height. Therefore, a small
change in geometric height causes a large change in the gas pres-
sure that has to be balanced, which leads to strong changes in the
derived Fc. The explains the larger scatter in Fc in Fig. 3 com-
pared with the gas and magnetic pressure. The scattered light
leads to a lower curvature integral for the spots, though, where it
causes the divergence method to underestimate the Wilson de-
pression. Thus, the average of the curvature integral over the
nine spots that we consider here is not much affected by the stray
light (2.5×105 dyne/cm2 without additional stray light, 2.3×105
dyne/cm2 for s = 0.01, and 2.6 × 105 dyne/cm2 for s = 0.02).
The observed decrease of Fc with spot size cannot be caused by
stray light, either. Since the main effect of the scattered light is
to increase the curvature integral for large spots, the decrease of
Fc with spot size would even be stronger if there was no stray
light present in the Hinode data. We therefore conclude that the
presence of scattered light in the Hinode data does not have a
strong influence on the main conclusions of this paper.
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Fig. B.1. Comparison of maps of the geometric height of the log τ = 0
layer for selected sunspots inferred using the divergence method from
inverted Stokes profiles with and without additional scattered light.
From left to right: continuum intensity, zW without additional scattered
light, zW for additional scattered light with a magnitude of 1 % of the
mean intensity of the quiet Sun, and zW for additional scattered light
with a magnitude of 2 % of the mean intensity of the quiet Sun. The
white and black contours indicate the inner and outer penumbral bound-
aries, respectively. The numbers give the maximum Wilson depression
and its mean over the umbra.
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Fig. B.2. Same as Figure B.1 for the pressure method after degrading
the spatial resolution to the one of the divergence method.
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Fig. B.3. Top row: Influence of scattered light on the maximum value of the derived Wilson depressions as a function of the strength of the
mean magnetic field in the umbra at log τ = −0.9 (derived from the inversions without any additional scattered light). We consider both, the
divergence method (left) and the pressure method (right, degraded to the spatial resolution of the divergence method). The blue squares show the
Wilson depression of all spots in our sample without adding additional scattered light, the red circles highlight the spots for which we evaluate the
influence of the scattered light. We also show the Wilson depressions derived from data with additional scattered light. We consider two different
magnitudes of the scattered light, 1 % (green triangles) and 2 % (black diamonds). Bottom row: Difference in the inferred Wilson depression ∆zW
between the data without additional scattered light and with 1 % (green triangles) or 2 % (black diamonds) additional stray light.
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